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Abstract. We prove the Wp ' 2 -estimate and solvability for the Dirichlet prob- 
lem of second-order parabolic equations in simple convex polytopes with time 
irregular coefficients, when p G (I, 2], We also consider the corresponding Neu- 
mann problem in a half space when p £ [2, oo). Similar results are obtained for 
equations in a half space with coefficients which are measurable in a tangential 
direction and have small mean oscillations in the other directions. 



1. Introduction 

This paper is concerned with the L p -theory of second-order linear parabolic 
equations in non-divergence form with discontinuous coefficients in simple convex 
polytopes. By a simple polytope we mean a d-dimensional polytope (not necessarily 
bounded) each of whose vertices, if there are any, is adjacent to exactly d edges. 
This work is a continuation of [7] , in which the first author studied elliptic equations 
in a half space or in a 2D convex wedge. Equations with discontinuous coefficients in 
non-smooth domains emerge from problems in mechanics, engineering, and biology, 
to name a few. 

The Lp-theory of non-divergence form second-order elliptic and parabolic equa- 
tions in the whole space or smooth domains with discontinuous coefficients was 
studied extensively in the last fifty years. According to the well-known counterex- 
amples of Ural'tseva [37] and Nadirashvili [31], in general there does not exist a 
solvability theory for uniformly elliptic operators with general bounded and mea- 
surable coefficients. Many efforts have been made to treat particular types of dis- 
continuous coefficients. See, for instance, [U [31 [JJ51 HSJ ESI [Ml H] and recent work 
[2T1 [22l [T3J [2]. In these papers, either the leading coefficients are assumed to be 
measurable with respect to one or two variables and sufficiently regular with respect 
to the other variables, or p is in a small neighborhood of 2. 

There is also a vast literature on the L p -theory for elliptic and parabolic equa- 
tions with smooth coefficients in domains with wedges or with conical or angular 
points. See, for instance, [HI [Til HS1 [32l [TT1 [29l [30] and the references therein. 
In [27[ [28] Lorenzi considered elliptic equations with piecewise constant coefficients 
in two sub-angles of an angular domain in the plane with a zero right-hand side 
and inhomogeneous Dirichlet boundary conditions. Solvability results in weighted 
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Sobolev spaces were established for the heat equation in a dihedral angle by Solon- 
nikov [35 , 36 , and in a wedge with edge of an arbitrary codimension by Nazarov 
[33] under the assumption that the base of the wedge has a smooth boundary. The 
proofs in these two papers are based on the estimates of the corresponding Green's 
functions. Very recently Kozlov and Nazarov [18] extended the result in [33] to 
parabolic equations with leading coefficients which are measurable functions with 
respect to the time variable. This result is in the same spirit as Lieberman |24j and 
Krylov [50] [H] , in which it is shown that for certain Schauder and L p -estimates 
of parabolic equations one does not need any regularity assumptions on the co- 
efficients with respect to the time variable. We also mention that the Dirichlct 
and Neumann boundary value problems for the heat equation in bounded Lips- 
chitz domains were studied by Wood |38] . For divergence type parabolic equations 
in irregular domains, we refer the reader to a recent paper [1] and the references 
therein. 

The objective of this paper is to study L p -estimates for parabolic equations in 
simple convex polytopes. For pe (1, 2], we prove the Wp' 2 -estimate and solvability 
for the Dirichlet problem with most leading coefficients merely measurable with 
respect to the time variable and one spacial variable (Theorem 12. ip . This range of 
p is sharp even for Laplace equations in polygons. See, for instance, [111 Theorem 
4.3.2.4], or [30} Sect. 4.3.1]. We also consider the corresponding Neumann problem 
in a half space when p £ [2,oo) (Theorem I2.3|) . Similar results are obtained for 
equations in a half space with coefficients which are measurable in a tangential 
direction and have small mean oscillations in the other directions (Theorems 16.21 
and 16. 3|) . At a conceptual level, Theorem 12.11 appears to be close to the main 
result in [18] mentioned above. However, the base of the wedge which we treat 
is non-smooth and is not covered by the results in [18] . On the other hand, we 
only consider estimates in Sobolev spaces without weights. At a technical level, our 
arguments are completely different from those in [18] . 

For the proofs, we note that the classical Calderon-Zygmund approach cannot 
be applied to our problem due to the lack of regularity of the coefficients and the 
domain. Our proofs are motivated by Krylov [21] , in which the author presented 
a unified approach to investigating the L p -solvability of both divergence and non- 
divergence form parabolic (and elliptic) equations in the whole space when the 
leading coefficients have vanishing mean oscillations (VMO) in the spatial variables 
and are measurable in the time variable. However, this approach is not directly 
applicable here by the same reason above. Roughly speaking, our main idea of the 
proofs is that after a suitable change of variables we can rewrite the operator into 
a divergence form operator of a certain type. With the Dirichlet boundary condi- 
tion, we prove that certain first-order derivatives of the solution satisfy divergence 
form equations with the conormal derivative boundary condition^. While with the 
Neumann boundary condition, the normal derivative of the solution satisfies a di- 
vergence form equation of a special type with the Dirichlet boundary condition. 
Therefore, we reduce the problem to certain L p -estimates for these divergence form 
operators, for which the interior and boundary C Q -estimates of certain first deriva- 
tives are available due to the De Giorgi-Nash-Moser estimate. Then we are able 
to use Krylov's approach mentioned above to establish the desired L p -estimates. 



^This crucial observation was used before by Jensen |12| and Lieberman I24| in different 
contexts. 
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The remaining part of the paper is organized as follows. We introduce some 
notation and state our main theorems, Theorems 12.11 and 12 . 3[ in the next section. 
Section |3] is devoted to the proof of Theorem 12.11 in the special case when p = 2, 
with more general boundary conditions. To prove the general case, in Section [4] we 
consider divergence form parabolic operators of two different types. We obtain L p - 
estimates for these operators, which are crucial in the proofs of the main theorems. 
We complete the proofs of Theorems 12.11 and 12.31 in Section [5j In Section [6l we 
treat parabolic equations in a half space with coefficients which are measurable 
with respect to a tangential direction of the boundary of the half space and VMO 
with respect to the other variables. 

2. Main results 
First let us fix some notation. For r > and (to, xq) € R d+1 , we write 
B r (x ) = {x e K d : \x - x \ < r}, 

Q r (t , x Q ) = {(t, x) G R d+1 : to - r 2 < t < t , \x - x \ < r}. 
For any integer 1 < k < d, we define a wedge with edges of codimension d — k 

E k = E% := {x e M d : x u ...,x k € 

which is a special type of simple convex polytopes. Its boundary <9S fc is composed 
of k faces 

r M := {x e M d : Xi = 0} n dE k 1 l<i<k. 
Note that S 1 = K| = {x = (x u . . . , x d ) € R d : x 1 > 0} and T 1 - 1 = dR^. We set 

B*(x a ) = B r (x )nZ k 1 Q k (t ,x a ) = (t -r 2 ,t ) x B*(x ), 

r^(i ) = B r (io)nr t '', 1 < i < k. 

We write, for example, B k if x = and Q h r if {t ,x ) = (0,0). If V C R d or 
T> C K d+1 , where V is not necessarily open in M. d or , we denote ip € C^°(2?) if 
ip is infinitely differentiable on T> and its compact support belongs to O n T>, where 
O is an open set in M. d or R d+1 . For the average of / over V C K d+1 , we use the 
notation 

j f(t,x)dxdt:= -^7 J f(t,x)dxdt, 

where \T>\ is the d + 1-dimensional Lebesgue measure of T>. 

We assume that the operator is uniformly non-degenerate, i.e., there exists 8 G 
(0, 1) such that 

d 

for all In Theorems 12.11 and 12.31 below we assume that the coefficients a 1 ^ 

are measurable functions of (t, xj) € R 2 except a dd which is a measurable function 
of either t or x&. That is, 

a« = a« (*,!«,) if (i,j)^(d,d). 
a dd = a dd (t) or a dd = a dd (x d ). 
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Throughout the paper, we set Rt := (— oo,T), where T G (—00,00]. Let 
Wp' 2 (RT x E k ) be the solution spaces for non-divergence type parabolic equations 
defined by 

W^' 2 (R T x E k ) = {u,Du,D 2 u,u t G L p {R T x E k )}, 

II u IIh'J- 2 (Rtxh'=) = IMIl p (Rtxh") + \\Du\\ Lp{mTXEk) 

+ \\D 2 u\\ Lp ( mTxE k- ) + ||w t || ip (( RrxH fc). 

Now we state the main results of the paper. Our first result is about the Dirichlet 
problem in the domain Rt x E k . 

Theorem 2.1 (The Dirichlet problem). Let p G (1,2], T G (-00,00], A > 0, 
k G [l,d] be an integer, and f G L p (Rt x E k ). Assume that a y satisfy (|2.1[) and 
(1221). Ifue W^ 2 (R T x E k ) satisfies u = on R T x 03* and 

- «* + "' '/), ,// -Xu = f (2.3) 

in Rt x 3 , i/ien we have 

MMl p (R T xEX) + ^ 1/2 \\Du\\ Lp((RTxEk) + ||£> 2 u||l p (R t xS<=) + ||«i|U p (R T x3*) 

< N\\f\\ LpPlTX&) , (2.4) 

where N — N(d,5,p) > 0. Moreover, for any f G L p (Rt x E k ) and A > 0, i/iere 
exists a unique u G W^' 2 (Rt x E k ) satisfying (|2.3[) wi£/i £/ie Dirichlet boundary 
condition u = on Rt x 93 . 

Remark 2.2. By using the odd/even extensions with respect to xa, without loss 
of generality, in Theorem 12.11 we may assume that k < d. Indeed, if k = d, we set 
u and / to be the odd extensions of u and / with respect to X4, respectively. Then 
we have 

INIw£- a (R T xH*-i) - IMIw£' 2 (H T xErf)> ll/IU I ,(K x xH<i-i) = || /|| L P (R T xE") ■ 

Moreover, u G T4^' 2 (R T x E^ 1 ) satisfies 

—u t + a %3 DijU — Xu = f 

in Rt x 3 d_1 with the Dirichlet boundary condition on Rt x <9S d_1 , where a dj ' and 
d J!i , j — 1, . . . ,d — 1, are the odd extensions of a*' and a jrf with respect to x<j, and 
d^ are the even extensions of a IJ for all the other indices (i, j). It is clear that d y 
satisfy (|2.1[) and (|2.2p . Therefore, the case k = d follows from the case k = d — 1. 

The second result is regarding the Neumann problem in a half space. 

Theorem 2.3 (The Neumann problem). Let p G [2, 00), T G (—00,00], A > 0, and 
f G L p (R T x Rf). Assume that a 13 satisfy JO) and pT2|) . If u € W*' 2 (R T x R^) 
satisfies D\u — on Rt X 9R^ and 

- u t + ""/;, ,;/ - Ait = / (2.5) 

m Rt x R^, t/ien we /iaue 

^IMIl p (R t xR^) + ^ 1 ^ 2 |I^ u IIl p (RtxR^) + II^ 2u IIl p (R t xR^) + ll M t|li p (R T xR^) 

< ^II/IIl^RtxR^)' 
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where N = N(d,S,p) > 0. Moreover, for any f 6 £ p (Rt x R+) a^d A > 0, £/iere 
exists a unique u € Wp ,2 (Rr x R+) satisfying ()2.5|) wif/i £/ie Neumann boundary 
condition D\u = on x <9R+. 

Remark 2.4. Although in Theorems 12.11 and 12 .31 we only consider equations with- 
out lower-order terms, it is worth noting that by following the proof of Corollarv l3.2l 
the theorems can be extended to general linear equations with lower order terms: 

— Ut + a 10 DijU + b l DiU + cu — Xu = f 

as long as b l and c are bounded measurable functions. In particular, we obtain the 
a priori estimates in Theorems 12.11 and 12.31 for A > Ao , where Ao is determined by 
d, 6, and the bound of the coefficients of b % and c. 

If we consider equations as above, for example, in [0,T] x 5 fe with appropriate 
initial conditions, then we are able to remove the term Ait by considering ue~ . 
In this case the constant N depends on T as well. See, for instance, the proof of 
Theorem 2.1 in [21]. 

As an application of Theorem l2.1[ by using a change of variables and the partition 
of unity argument, and following the steps in Chapter 11 of |23j . we derive the 
corresponding W^^-estimate and solvability of parabolic equations of the form 

— Ut + a 13 DijU + b l DiU + cu — Xu = f 

in M.t x O, where f2 is a general simple convex polytope, A > is a constant, and 
a v = a l i(t) are measurable functions in the time variable. If, in addition, ft is 
bounded and c > 0, we can take A to be zero. See, for instance, Chapter 11 of |23) . 

3. NON-DIVERGENCE TYPE EQUATIONS WHEN p = 2 

In this section we prove Theorem 12.11 when p = 2 with more general boundary 
conditions. 

Theorem 3.1. Let T e (— oo, oo] 7 A > 0, k £ [1, d] be an integer, and f E ^(Mt x 
E k ). Assume that a y satisfy flUTJ and (|2~2|) , If u G VF 2 1,2 (R T x S fc ) satisfies 

-u t +a tj D zj u- Xu = f (3.1) 

in Mt x S fc with either the Dirichlet boundary condition u — or the Neumann 
boundary condition D\u = on Rx X r fc,1 ; and the Dirichlet boundary condition 
u — {) on the other faces Rt x T k ' 1 , i — 2, . . . , k (when k > 2), then we have 

M\ u \\l 2 (« t xS") + A 1/2 ||£ ) u||l 2 (e tX s'=) + \\D 2 u\\ L2(RTXSk) + |K||l 2 (k t xe:<o 

< JVll/lk^xH*), (3.2) 

where N — N(d,S) > 0. Moreover, for any f e L 2 (Rt x E k ) and X > 0, there 
exists a unique u G W 2 ' (Rt x S fe ) satisfying (|3.1[) with the boundary conditions 
described above. 

It is an interesting question whether the estimate above still holds when 2 < k < 
d and u satisfies the Neumann boundary condition on at least two faces. 

Proof of Theorem \3.1[ We first observe that the statements in the theorem hold 
true if a lJ — 8ij. This can be justified by extending the equation to the domain 
Rt x R d . A similar extension process is explained in the derivation of (|3.9|) below. 
Thus, thanks to the method of continuity, it is enough to prove the a priori estimate 
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(pT2]l . Without loss of generality, we assume that tie C°°(Rt x S fc )nW 2 1 ' 2 (R T xS' £ ) 
and a y are infinitely differentiable with bounded derivatives. Moreover, because of 
Remark 12.21 we may assume that k < d — 1 . 
We first claim that 

d d-l 

^2 \\ d i3 u \\l 2 (Rtxz*) +^2^\\D l u\\ L2{MTX3 k ) < iV||/|U 2 ( Rr xH*). (3-3) 

2=1 

where N — N(d,S). For the proof, we split into two cases: a dd — a dd (t) and 
a dd = a dd {x d ). 

(i) The case a dd — a dd (t): We first consider the case when it = on R^ x T^' 1 . 
Note that 



a aa D z d u D(u dxdt = - / a^D^D^u D lU dx dt 

T xE k JKtxE' 



= / a dd D ld uD ld udxdt, (3.4) 
since D\u = on R T x r M . For 2 < i < d - 1 and 2 < j < d, 

/ a %J 'D ] iju D\u dx dt = — I a 1 -* DujuDiudxdt 

JR T xS k JEtxH' 

= / a IJ DijU Duu dx dt, (3-5) 

JR T xS k 

where in the first equality we used D^u = on Rt x T^' 1 , and in the second 
equality we integrated by parts in Xi and used D\u = on Rt x Y k ' % . Of course, 
(|3.5[) still holds if 2 < i < d and 2 < j < d — 1 , in which case we integrate by parts 
in Xj in the second equality. If at least one of i and j equals 1 , clearly we still have 

/ a ij DijuDludxdt = / a ij D ljU D u udx dt (3.6) 

JR T xS k JR T xE k 

without performing any integration by parts. Thus by multiplying both sides of 
the equation (|3.ip by -Dfu, and integrating by parts, whenever necessary, we see 
that 

/ —u t D\udxdt-\- I a 1 -* DijU Dfudx dt — \ / uD\udxdt 

jR T xE k JR T xS k JR T xS k 

= - [ ^-(Diit) 2 dxdt+ [ a lj D ll uD lj udxdt + A f {Dm^dxdt 

2 JR T xS k & JR T xE. k JItxH* 

= / fD\u dx dt, 

jR T xS k 

which together with (I2.1[) and Holder's inequality implies that 

\\ dd iu\\l 2 (r t xe>°) + VA||L>iu|| i2(KrxHfe) < A r (d,<5)||/|| L2 (R TXSfc) . (3.7) 

By symmetry, for i = 2, . . . , k, we have (|3.7I) with DDiU and DiU in places of DD\u 
and Dili, respectively. The same estimate holds for i = k + 1, . . . ,d— 1 by similar 
and actually simpler reasoning. Therefore, we arrive at (|3 .3[) . 

Now we treat the case when u satisfies the Neumann boundary condition on 
R T x r*^ 1 . Since Diu = on R T x r fe - 1 and R T x T k ' l ,i = 2,...,k, using integration 
by parts as above, we obtain the equalities (|3.4|) . (|3.5|) . and (|3.6|) . which imply (|3.7|) . 
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We then use the idea in Remark l2.2l to reduce the number of the faces by 1. Rewrite 
the equation (|3.1j) as 

d d 

-ut + a 11 D 11 u + ""ll'j" - Ait = / - ^2(a a + a u )D u u := F. 

i,j=2 i=2 

Let u and F be the even extensions of u and F with respect to x\ to the domain 
Rt x fl, where 

!l:=lx Z k d z{ := {x £ R d : x 2 , ■ ■ ■ , x k £ R+}. (3.8) 
It is clear that the coefficients a 11 and a lJ , i, j > 2, satisfy (|2.1|) and (|2.2[) . Moreover, 



u £ W^ 2 (R T x fi) satisfies 



—Ut + a 11 Dull + a 1 -* DijU — Xu = F 

in Rt x f2 with the Dirichlet boundary condition u = on Rt x r fc,J , z = 2, . . . , k 
(when k > 2). Rearrange the coordinates 

(xi,X2,.-.,Xd) ~t (x 2 ,...,X k ,Xi,X k +l,...,Xd). 

Then from the estimate (|3.3[) for the Dirichlet boundary condition case above, we 
have 

d d-1 

l|Aj«IU 2 (R T xn) +X!^H i:)iM ll i 2(RTxo) < ^||^||L 2 (R T xO), 

1 i— 1 

which together with the definition of u and F as well as f|3 . Tf) implies (|3.3|) in this 
case. 

(ii) The case a dd — ar (x d ): We make a change of variables to exploit the 
divergence structure of the equation. Let 

1 

/o a^s) 
Denote y' = {y\, . . . , ya-i) and set 

u{t,y) = u (t,y',cj)' 1 (y d )) , f(t,y) = f (t,y' , (j)~ x (y d )) , 
a dd ( Vd ) = l/a dd ^-\y d )), 

~a id {t,y d ) = a (t^-'iVd)), 5* = 0, j = l,..., d-1, 

and a tJ {t,yd) = a lJ (t,cj)~ 1 (yd)) for the other Then we see that u satisfies 

d 

-u t + J2 VWijU + D d [d dd D d u] -\u = f 

in Rt x S fe with the same boundary conditions as u. Note that 

/ D d [a dd D d u]D\udxdt = - I D d [a dd D ld u] D lU dxdt 

a dd D ld u D ld u dx dt 



y d := (t>(x d ) = / dd( ^ ds, yj :=Xj, j = 1, . . . , d - 1. 
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if u satisfies either u = or D\u = on Rt xT^ 1 . Since the coefficients a %3 satisfy 
(|2.f p with an ellipticity constant depending only on d, by proceeding as above, we 
again obtain (|3.3[) . 

Now we prove (|3.2[) . We again use the extension method. First we write the 
equation (|3 . 1 [) as 

d d 

-u t + ^2 all Duu - Ait = / - ^ a^DijU := F. 

i=l i,j=l 

Set u and F to be the odd extensions of u and F with respect to Xk if u = on 
Rt x r k ' k . In case fc = 1 and Dm = on Rt X T 1,1 , we set u and F to be the even 
extensions of u and F with respect to xi . Then we have 

INIw^tRTxH*- 1 ) - II^II^CRrxS*)) II ^11 L 2 (R T x2") - II ^11 L 2 (R T xH<=) , 

and u G VF 2 1,2 (R T x S^ 1 ) satisfies 

d 

-u t + Y^ a u D u u -Xu = F (3.9) 
i=i 

in Rt x with the same boundary conditions as u on Rt x T k ' 1 , i = 1, . . . , k — 1. 
We do not need any extensions of a 13 because a 1 - 5 are functions of only t and xj. We 
repeat this extension process described above to consecutively extend an equation 
in Rt x to an equation in Rt x S fc_l_1 , i = 0, . . . ,k — 1, until we get the 

equation (|3 .9[) in Rt x R d . Now we observe that a %% are measurable functions of 
time and one spatial variable. Then by the /^-estimate for equations in the whole 
space obtained in [HJ Theorem 3.2] together with the definition of F, we obtain 

•^IN|l 2 (RtxK<*) + A 1 ^ 2 ||L'u||L 2 (R r xR'i) + \\D 2 u\\L 2 (R T xR d ) + II "t II L 2 (Rt xR d ) 

< ^(rf,<5)||^ , ||L 2 (R T xR") < l|AjU|U 2 (R T xE*>) +^ V II/IIl 2 (R t xH")- 

Finally, we use the estimate p.3|) and the comparability of the Li norms of functions 
in Rt x E. k and those of their extensions in Rt x R d . The theorem is proved. □ 

Corollary 3.2. Let T G (— oo,oo], k G [l,d] be an integer, b 1 and c be measurable 
functions bounded by a positive constant K , and f G ^(Rt x ^- k )- Assume that 
a lJ satisfy (|2 . 1 [) and (|2.2p . Then there exists Ao = Ao (d, S, K) > such that, for 
any A > Ao and u G W 2 ' (Rt x 5 fc ) satisfying 

-u t + a lj D i:j u + VDiU + cu- Xu = f (3.10) 

in Rt x S fc with the boundary conditions on Rt x <9S fc as stated in Theorem \3.1[ 
we have the a priori estimate (13.21) . Moreover, for any f G L 2 (Rt x S fe ) and 
A > Ao, there exists a unique u G W 2 1,2 (Kt x S fe ) satisfying p.lOp with the boundary 
conditions as in Theorem \3.1\ 

Proof. Thanks to Theorem 13.11 and the method of continuity, it suffices to show 
(|3.2p for sufficiently large A. To this end, we rewrite (I3.10P as 

— Ut + a 13 DijU — Xu = f — b l DiU — cu. 
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By Theorem 13. 1[ we have 

^IMIl 2 (R t xE<=) + ^ 1/2 \\ Du \\L 2 (RTXE. k ) + II L 2 (R T xE<=) + II u t || L 2 (R T xH fc ) 

< N\\f\\L x (R T x3*) + ^l|£>M|| i2(KTxSfc) + A r ||u||L 2 (R T xH'=) I 

where the constant N — N(d, S, K) is independent of A. This implies (|3.2[) for 
A > A , where A = \o(d, S,K)>0 is sufficiently large. The corollary is proved. □ 

4. Parabolic equations in divergence form 

In this section, we consider divergence form parabolic operators of two special 
types. Throughout the section, we set 

Cu = Di(a ij Dju), (4.1) 

where a 13 satisfy (|2.ip and (|2.2I) . We denote Hp to be the solution spaces for 
divergence form parabolic equations. Precisely, 

Hl((S,T) xSl) = {u: u,Due L p {{S,T) x Sl),u t G Hp 1 ((S',T) x SI)}, 

where H" 1 ((S, T) x SI) is the space consisting of all generalized functions v satisfying 

inf {ll/IU P ((S,T)xO) + \\g\\L p ((s,T)xn)\v = div/ + 5 } < oo. 

4.1. Auxiliary results. The following theorem is a simple consequence of the 
Lax-Milgram lemma. 

Theorem 4.1. Let X > 0, T e (—00,00], k G [l,d] be an integer, and f = 
(/1, . . . , fd),g G L2(M.t xS fe ). Then there exists a unique u G ^(^tX^) satisfying 

—Ut + Cu — Xu = div / + g 

in M.T x S k with either the Dirichlet boundary condition u = or the conormal 
derivative boundary condition a 13 DjU = /j on each My x T k ' 1 , where i = 1, . . . , k. 
Furthermore, we have 

^ll«llL 2 (R T x3fe) + ||-Dw||i 2 (R T xS*) < N||/Hz a (R T x3*) + NX~ 1/2 \\g\\ L2 (r t xHfc) , 

where N — N(d, S). 

Throughout the rest of the paper, by Lj we mean the collection of divergence 
form operators as in (|4.ip with a a = for i = 2, . . . , d. Similarly, L2 is the collection 
of divergence form operators satisfying a 3 — for j = 2, . . . , d. 

When the operator C is either in Li or La, we obtain the following observations 
in Lemmas 14.21 and 14.31 below. 

Lemma 4.2. Let C G L2, A > 0, k G [l,d] 6e an integer, R G (0, 00], and 
/ G L 2 (Q k R ). If u(EHUQr) satisfies 

—Ut + Cu — Xu = f 

in with the conormal derivative boundary condition a^Diu = on (— i? 2 ,0) x 
r^ 1 and the Dirichlet boundary condition u — on (— i? 2 , 0) x T^ 1 , i — 2, . . . , k, 
then w := D\u belongs to H^iQr) f or an V r G (0j ^) cma ' satisfies 

-w t + Cw-Xw = D 1 f (4.2) 
m Qjf wif/i f/ie Dirichlet boundary condition w = on (— r 2 , 0) x (i? r fl <9S fe ) . 
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Proof. Take an infinitely differentiable function ip(t, x) denned in R x R d with a 
compact support in (— R 2 ,R 2 ) x Br such that ip is even with respect to x\. Note 
that Dup = on R x P^ 1 . Set 

v := ipu, hi := a 1 - 1 uDjip, g :— a 10 (Ay)(A/ u ) — ip t u + iff. (4-3) 

Note that hi,g e L 2 (Ro x Then v satisfies 

- v t + £v - \v = Dihi+ g (4.4) 

in Ro x S fe with the conormal derivative boundary condition 

a 11 D 1 v = a xl uDnp = = h% 

on R x T k - 1 and the Dirichlet boundary condition v = on Ro X T k ' 1 , i = 2, . . . , k. 
For e > 0, let a l J be the standard mollifications of a 1 - 7 with respect to (t,Xd) and 
/if := a l JuDj(p. Note that, due to the choice of ip, we have h\ — on Ro x r ,:L . 
Using Theorem 14. II we find a unique solution u e g "H 2 (Ro x S fc ) to the equation 

- vf + A (a^jf £ ) - Xv £ = D t h £ t + g (4.5) 

in Ro x S fc with the conormal derivative boundary condition 

a^Dxv 6 = h\=0 

on R x T k ' 1 and the Dirichlet boundary condition v e — on R x T k ^, i — 2, . . . , k. 
Since h\ — > hi in L 2 (Ro x S fc ), we see that v £ -> w in "H 2 (Ro x S fe ). In particular, 

A« £ -> Dji) in L 2 (R x S fc ). (4.6) 

Take Ao. e to be a number bigger than Ao in Corollary 13.21 determined by d, S, 
and the bound of Di(a l J). Since D z hf + g e £ 2 (Ro x by Corollary EH there 
exists a unique u e g VF 2 ' 2 (Ro x satisfying 

-< + o* J 'D«u e + Di(ai j )DjU E - X 0;S u e = D t h\ + g + (A - A 0>e K 

in Ro x S fe with the Neumann boundary condition D\u e = on Ro x T k ' 1 and the 
Dirichlet boundary condition u £ — on Ro x Tk,i, i = 2,...,k. Thanks to the 
boundary conditions of u £ and the facts that C E L 2 and h\ — on Ro x T k ' 1 , u e 
satisfies the divergence type equation 

-uf + DA,," I),n i - A , e ti E = A/i- + 9 + (A - A , e )?; £ 

in Ro x S fe with the same boundary conditions for (|4.5j) . Since u e <E H 2 (Ro x S fe ) 
and v e also satisfies the above equation with the same boundary conditions, by the 
uniqueness, we have v E = u £ € W 2 ' 2 (Ro x E k ), Div e — on R x r*' 1 , and v e — 
on R x T k ,u i = 2,...,k. Then from <|0)l . we see that := A« E e "H 2 (R x S fc ) 
satisfies the divergence type equation 

d 

-tof + A (agDjiif) - Xw e = A(A/if + 5) + X] A(A/if) 

i=2 

in Ro x S fc with the Dirichlet boundary condition k/ = on Ro x &E k . Since a y 
and a| J are independent of x\, we have 

D-thi = <<■' l)J.ul), r :\. A/if = a* D^uDjip), 
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and Dihf -> Dihi in L 2 (M x E k ). Thus w £ converges in % 2 (M x ^, fc ) to the unique 
solution w € 'HlO^o x S fc ) to the equation 

d 

-wt + Diia^Djw) -Xw = Dx{Dxh + g) + Yl D ^ D ^) ( 4 - 7 ) 

i=2 

in Ro x E k with the Dirichlet boundary condition w = on Ro x dE k . Especially, 

D 1 v £ = w £ ^w in L 2 (M x S fe ). 

This combined with (|4~6)) proves that D\{<pu) = D x v = w £ % 2 (M x E k ). There- 
fore, upon choosing an appropriate cut-off function <p, we conclude that w = D\U 
satisfies (|4. 2[) with the desired boundary conditions. □ 

Lemma 4.3. Let C £ Li, A > 0, k £ [l,d] be an integer, R £ (0, 00], and 
f £ L 2 {Q%). Ifu£ U\{Q k R ) satisfies 

—Ut + Cu — Xu = f 

in Q k R with the Dirichlet boundary condition u = on (-R 2 , 0) x (Br n <9S fc ), then 
we have w := D\u belongs to H^iQr) f or anv r G (0, R) <^ n d satisfies 

- w t + Lw - Xw = D x f (4.8) 

in Q k with the conormal derivative boundary condition a lj DjW = f on (— r 2 ,0) x 
rjf' 1 and the Dirichlet boundary condition w — on (— r 2 , 0) x rjf' 1 , i = 2, . . . , k. 

Proof. Take <p(t, x) as in the proof of Lemma 14.21 (not necessarily to be even in x\ 
this time). Set v, hi, and g as in (14.3[) and define a*-' and /if as in the proof of 
Lemma |4~!?1 Then v satisfies (|4.4j) in Mo x S fc with the Dirichlet boundary condition 
v = on Mo x dZ k . Let v e £ U\{M. x E k ) be the unique solution of flU) in M x S fe 
with the Dirichlet boundary condition v e — on Mo x 9S fc . By the same argument, 
we have gH and i> e € W^O^o x S fc ). 

Here it is more involved to verify the conormal derivative boundary condition 
since it is understood in the weak sense. To this end, we use an extension argument. 
Set v £ to be the odd extension of v £ with respect to x\. Since v £ £ W 2 1,2 (]Ro x S fe ) 
with the Dirichlet boundary condition on M x T*' 1 , it follows that v £ £ W 2 ' (Mo x 
fi), where f2 is defined in p.8p . Set a)P , j = 2, . . . , d, to be the odd extensions of 
a\i in x\. For the other (i,j), we set a l J = a l J . Also set h\ to be the even extension 
of /if, hf, i = 2, . . . , d, to be the odd extensions of /if, and g to be the odd extension 
of g. Then w e satisfies 

-v e + Di(ai j DjV e ) - Xv £ = Dji\ + g 

in Mo x SI with the Dirichlet boundary condition on Mo x dfl. 

Since u = on M x T k ' 1 , we see that Dih\ £ L 2 (M x £1) and D-Ji\ is the odd 
extension of D\h\ in x\, and D\h\ £ L 2 (Mo x f2), i = 2, . . . ,d, and D\h\ are the 
even extensions of D\h\ in ix< From the fact that v £ = on Mo x <9S fe , C £ hi, 
and integrating by parts in x\, it follows that w £ := D\v £ £ "H 2 (Mo x f2) satisfies 

- w% + Di (al J D jW £ ) - Xw £ = D x (Dji\ +g)+Y^ D i{ D iK) ( 4 -9) 

i=2 
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in to x 1] with the Dirichlet boundary condition on Ro x dfl. In fact, a l J are 
independent of x±, except a]? , j = 2,...,d, which have jump discontinuities at 
x\ = 0. But for these j and any cf> G C£°(R x Q), 

JRoxQ. 

= / d 1 £ j D :j w £ D 1 4>dxdt+ / a 1 jD :j w e D 1 <f>dxdt 

JR xS k JR x(n\E k ) 

= - I d\ j DjV e D\(j)dxdt -j a}J D 3 v e D\<t> dx dt 

JR xS k JR x(n\S k ) 



al 3 DjV E DKj)dxdt 

t xT k . 1 



/ a x J DjV £ Dlct)dxdt, 
JR xn 



where in the last equality we have used Djv e = on Rq x r*' 1 . We note that (|4.9 



'J 1 



is the only place in the proof where we use £ £ Li, i.e., a 1 = 0, i = 2, . . . , d- 

On the other hand, there is a unique solution w £ G H^i^-o x 2 fe ) to the equation 

d 

-w s t + Di^Djib 5 ) ~ \w e = D 1 {D x h\ +g) + Yj Di ( D i h i) ( 4 - 10 ) 

i=2 

with the conormal derivative boundary condition a}J DjW £ = D\h\ +gonlox r fci1 
and the Dirichlet boundary condition w e = on Ro x T k ' 1 , i — 2,...,k. Since 
Dih\ + g is the odd extension of D\h\ + g and Dihf, i ~ 2, . . . , d, are the even 
extensions of D\h\ with respect to x\, the function w £ £ "H^Ro x which is the 
even extension of w e with respect to xi, satisfies (I4.9p with the Dirichlet boundary 
condition on Mo x dQ. By the uniqueness, we have w e — w e . This indicates that w £ 
in (|4.10[) can be replaced by w € . That is, as a function in W^i^-o xE k ), w £ satisfies 
(|4.10l) with the conormal derivative boundary condition Djiv £ = D\h\ + g on 
M x T k ' 1 and the Dirichlet boundary condition w e = on R x r fe '% i = 2,...,k. 
Then we see that, as in the proof of Lemma |4~21 w e converges in ^(Rox?) to the 
unique solution w G Hl(M.o x S fe ) of (|4. T[) with the conormal derivative boundary 
condition a}^DjW = D\h\ + g on Mo x r fe:1 an d the Dirichlet boundary condition 
w = on Rq x r fc,l 7 i = 2, . . . , k. In particular, 

= w e w in L 2 (R x S fc ). 

This combined with (|4.6I) proves that Di(ipu) — D x v = w € V-K^a x ^ k )- Upon 
choosing an appropriate ip, we conclude that w = D\u satisfies (|4.8p with the 
desired boundary conditions. □ 

4.2. C lQ -estimates. For functions defined on a subset T> in R d+1 , we denote 

M sun 

(t,x),(s,y)£Z> l r s l ' T \ x V\ 

Notice that in the following lemma the operator C is not necessarily in Li or 

Lemma 4.4. Let A > 0, k G [l,d] be an integer, and u G H^iQ^)- Suppose that u 
satisfies 

-u t +Cu-\u = Q (4.11) 
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in Q\ with the Dirichlet boundary condition u — on (—4,0) x (_B 2 fl <9S fe ). Then 
for i G {k + 1, . . . , d — 1} , whenever this set is non-empty, we have 

[A«]o-(Q}) < N\\D iU \\ L3m , (4.12) 

where a = a{d, S) <= (0, 1) and N — N(d, 5) > are constants. If, in addition, 
a* = for j — 1,2,..., I, where I = min{fc,e? — 1}, then (14.12[) holds true for 
i = l,...,l. 

Proof. We first prove the case A = 0. li i = k + 1, . . . , d — 1, then by using the 
standard difference quotient argument (see, for instance, Theorems 8.8 and 8.12 of 
[10]), we see that w :— D^u is in "H^Qjj^) an d satisfies 

—wt + Cw = 

in Q\j 2 with the Dirichlet boundary condition w = on (—4,0) x (£? 3 / 2 H cG fc ). 
Then using the De Giorgi-Nash-Moser estimate, we get 

Ho«(Q}) < n \M\l 2 (q* /2 ) 

for some a = a(d, 5) € (0, 1) and = iV(d, 6). Upon recalling that w = DiU, we 
obtain (|4T2|) . 

Now we assume that 1 < i < i and a dj = for j = 1, . . . , /, where / = min{fc, d — 
1}. Due to the possibility of reordering the coordinates (xi, • • • , x{), it suffices to 
show 

{Diu} Ca(Qhi) <N\\D lU \\ L2iQl) . (4.13) 

Let a? 1 — and a lj = a lj + a jl for j = 2, . . . ,d, a 1 ^ — a 1 ^ for the other (i,j), 
and C be the corresponding operator. Then C G Li, and since a IJ satisfy ()2.2j) and 
a dl = 0, from (|4.11j) it follows that u satisfies 

-u t + Cu = in Q2 

with the Dirichlet boundary condition u = on (—4,0) x (B 2 n dE k ). Then By 
Lemma l4~3l w := D\u is in Hl(Qy 2 ) and satisfies 

— Wt + Cw = 

in Q3/2 with the conormal derivative boundary condition a lj DjW = on (—9/4, 0) x 
an d the Dirichlet boundary condition w = on (—9/4, 0) x T^'L, i — 2, . . . , k. 
Then again by the De Giorgi-Nash-Moser estimate, we obtain (|4.13p . 
For A > 0, we use an idea by S. Agmon. Set 

v(t, x, z) — u(t, x) cos{'\fXz), 

where zei Also set *B r = {(x, z) e R d+1 : \x\ 2 + z 2 < r 2 } and 

O 2 fe = (-4,0)x (58 2 nH5 +1 ) 

= (-4, 0) x (Q3 2 n {(x, z) £ R d+1 :x 1 ,...,x k e M + }) . 

Then v satisfies the Dirichlet boundary condition v = on (—4, 0) x (*B 2 n <9S^ +1 ). 
Moreover, as a function defined on £} 2 C M d+2 , v satisfies 

-v t + Cv = 
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in 0*) where 

d 

£v=Y^ D.i'i" IK''' + D zz v. 

Then by the above result for A = (we also need to interchange Xd and z coordi- 
nates), we obtain 

[A«] C <.(flf) < WPHL 3 (a*), 
which implies the desired inequality in the lemma. □ 

Next we derive a similar Holder estimate for solutions satisfying the conormal de- 
rivative boundary condition on one face of the boundary and the Dirichlet boundary 
condition on the other faces. 

Lemma 4.5. Let C G L.2, A > 0, k G [1, d] be an integer, and u G H^iQ^)- Suppose 
that u satisfies 

—Ut + Cu — Ait = 

in Q2 with the conormal derivative boundary condition a^Diu = on (—4, 0) xr'' 1 
and the Dirichlet boundary condition u = on (—4, 0) x T 2 ' i ' , i = 2, . . . , k. Then 
we have 

[Diu] ca{Q+i) <N\\D lU \\ L2{Q + v 
where a = a(d, S) G (0, 1) and N = N(d, 5) are constants. 

Proof. We first prove the case A = 0. By Lemma l4~2l w := D\u is in HKQq^) and 
satisfies 

—wt + Cw = 

in Qg/ 2 with the Dirichlet boundary condition w = on (—9/4, 0) x (B3/2 H dE k ). 
Then by the De Giorgi-Nash-Moser estimate we have 

^ n W w \\l 2 (q}) 

for some a = a(d, S) G (0, 1) and N = N(d, S). For the case A > 0, we follow the 
same steps as in the proof of Lemma 14.41 □ 

The following is a consequence of an interior De Giorgi-Nash-Moser Holder 
estimate and the standard difference quotient argument. 

Lemma 4.6. Let X > 0, k G [1, d] be an integer, and Q2{to, Xo) clxS fc . Suppose 
that u G %2 (Q2(io, %o)) satisfies 

—ut + Cu — Xu = 

in Q2(to, xo). Then there exist constants a — a(d, S) G (0, 1) and N = N(d, S) such 
that 

[A«]c«(Qi(to,a:o)) ^ A«|U 2 (Q 2 (t ,xa)), i = l,...,d-l. 

Using the classical L2-estimates and the Holder estimates proved above, we ob- 
tain the following mean oscillation estimate for D\u when C belongs to L2. 

Lemma 4.7. Let C G La, A > 0, k G [1, d] be an integer, and f = (/1, . . . , fd),g G 
L2,ioc(^- x S fc ). Suppose that ue^ ; oc (^ x satisfies 

—Ut + Cu — Xu = div / + g 
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locally in R x 'E k with the conormal derivative boundary condition a^Diu = f\ on 
R x r^' 1 and the Dirichlet boundary condition u = on R x T k ' 1 , i — 2,...,fc. 
Then, for any r > 0, k > 32d, and (to,xo) elx S fc , we have 

j- \Diu(t,x) — Diu(s,y)\ 2 dx dtdy ds 

<Nn- 2a I \D lU \ 2 dxdt + Nn d+2 I {\f\ 2 + \- l \g\ 2 ) dxdt, 

J Q% r (t ,x ) J Q% T {t ,xa) 

(4.14) 

where a = a(d, S) G (0, 1) and N = N(d, 5) > 0. 

Proof. By a dilation argument, it is enough to prove the lemma only for r — 8d/n. 
Fix (to, xq) E R x S fe . Due to the possibility of shifting the coordinates, we may 
assume that to = and 

Xq = (x ,i,x ,2, ■ ■ ■ ,x ,d) = (xq,i,. ■ ■ , aio,fc,0, ... ,0). 
For i = 1 , . . . , d, let 

Xo,i if XQ,i > 1, _ f 1/8 if a;o,j > 1, 



''''''' 1 otherwise, Tl \ 1 otherwise. 
Then define Q r (*o>yo) — (— r 2 ,0) x r (yo) ; where 

©r(yo) = JJ((j/o,« -m)+,yo,i + m) x 

i=l i=fc+l 

Clear j/o = (2/0,1 , ■ ■ • 7 2/o,d) € S fc . Since nr = 8d and k > 32d, we see that 

Q k {t ,x ) c Q 2 (t ,yo) c Q 6 (*o,yo) C Q* r (*o,a;o). 
Take an infinitely differentiable function r](t,x) defined on R d+1 such that 
r] = l onQ 4 {t ,y ), v = on R d+1 \ (-36, 36) x C 6 (y ). 
Here we denote 

k d 

Cr(yo) = \\ (yo,i - rn,y ,i + rn) x j [ (-rri,rn). 

i=l »=*+l 

Using Theorem 14. 11 we find a unique u> G T^G^-o x S&) to the equation 

— u>t + £«; — Xw = div (j]f) + r/g 

in Ro x S fc with the conormal derivative boundary condition a^Diu = r\f\ on 
R x r fe ' 1 and the Dirichlet boundary condition u = on Ro X T k ' 1 , i = 2, . . . , k. 
Moreover, the function w satisfies 

l|£>HlL 2 (R xE fc ) < ^lk//ll/. 2 (RoxH k ) + N\- l/2 \\rig\\ L3 (R oX -z k ), 

where N — N(d, S). From this we obtain 

/ \D lW \ 2 dxdt < Nn d+2 I (l/| 2 + ^~ 1 \g\ 2 ) dxdt, (4.15) 

f \D lW \ 2 dxdt<N I (\f\ 2 + X-^g] 2 ) dxdt. (4.16) 
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Set v := u — w e 'K\ i oc (K x S fe ). Then v satisfies 

— Vt + Cv — Xv = 

in Q4(to,yo) with the conormal derivative boundary condition a^Div = on 
(—16, 0) x r^' 1 if Xo,i < 1, and the Dirichlet boundary condition v — on (—16, 0) x 
r^' 1 if xo^ < 1, i = 2, . . . , k. Depending on the location of (to, xo), we notice that 
v satisfies appropriate boundary conditions stated in Lemma 14.41 Lemma 14.51 or 
Lemma 14.61 For example, if xo,i < 1 for i = 1,2 and xq^ > 1 for i = 3,...,fc, 
then v satisfies the boundary conditions in Lemma 14.51 with k = 2. If xq.i > 1 
and Xo t i < 1 for i = 2, • • • , fc, then by reordering the coordinates (xi, x 2 , ■ ■ ■ , Xk) — > 
(x2, . . . , Xk, x±), v satisfies the Dirichlet boundary conditions in Lemma 14.41 with 
k — 1 in place of k. If x^.i > 1 for all i = 1, • • • , fc, we do not consider any boundary 
conditions as in Lemma 14.61 Lemmas 14.41 14.51 and 14.61 together with a covering 
argument as well as a scaling argument prove that 

Then we note that 

+ + \Div(t,x) — Div(s,y)\ 2 dx dtdy ds 

J QHto^o) J Q*(tQ,X ) 

^ N ^ D <^ Q ,y a ^ NK ~ 2a L (t J^l 2 ^, (4.17) 

where in the last inequality we used the fact that r — 8d/n. Since u = v + w, we 
have 

+ +■ \D\u{t, x) — Diu(s, y)\ 2 dx dt dy ds 

J Q$(t ,x ) J Q$(to,x ) 

< j- + \Div(t,x) — Div(s,y)\ 2 dx dt dy ds 

+ N+ \Dxwl 2 dxdtdy ds := h + I 2 . 

J Q*(ta,x Q ) 

For Ii , using u = v + w again, from (|4.17|) and (|4.16p we obtain 
h<Nn- 2a I \D lU \ 2 dxdt + Nn- 2a I (|/| 2 + A" 1 ^ 2 ) dxdt. 

J Q% T {to,x ) J Q>?. r (t .x ) 

For I2, we use (I4.15[) . By combining the estimates for I\ and I2, we arrive at the 
desired estimate (14. 14[) . □ 



Proceeding as in the proof of Lemma 14.71 from Theorem 14.11 and Lemmas 14.41 
and 14.61 we derive the following lemma, where C is not necessarily in Li or L2. 

Lemma 4.8. Let A > 0, fc € [1, d] be an integer, and f = (fi, . . . , fd), g G L2,ioc(Rx 
S fe ). Suppose that a dj = for j — 1,2, ... ,1, where I = min{fc, d — 1}, and u € 
Hl loc (R x 3*) satisfies 

-ut+Cu- Aw = div/ + g (4-18) 

locally in K x S fc with the Dirichlet boundary condition onRx <9S fc . Then, for any 
r > 0, k > 32d, and (to, xo) e R x E k , we have (|4.14j) with DiU, i = 1, • • • , d — 1, 
in place of D\u. 



PARABOLIC EQUATIONS IN SIMPLE CONVEX POLYTOPES 17 

4.3. Hp-estimates. We consider a nitration of dyadic cubes {C;, I £ Z} in R x S fe , 
where Z = {0, ±1, ±2, . . .}. The set C; is the collection of dyadic parabolic cubes 
in K x of the form 

{i Q 2- 2 \ (*„ + I)- 21 ] x (i x 2- 1 , (<i + 1)2-'] x ... x (i d 2"', + 1)2-'], 

where io» *l> G ^ an d *i, • ■ • , ifc > 0. Let C be the collection of the dyadic 

cubes in Q for all I £ Z. If (ti,Xi) € C € C, then there exist the smallest r > 
and (t ,X()) GRx E k such that C c Qr(to,x ) and 

- f{s,y)\dx dydtds 

c J c 

<N(d)l I \f(t,x)-f(s,y)\dx dydtds. (4.19) 

J Q*(to,x ) JQ£(to,x ) 

On the other hand, for any (to, £o) G R x S fc and r > 0, if C G C is the smallest 
cube containing Q^(to,xo), then 

/ \f(t,x)\dxdt< N(d) -f \f(t,x)\dxdt. (4.20) 

jQ*(t ,x ) Jc 

For a function / 6 Lij oc (R x S fe ), the maximal and sharp functions of / in our 
context are given by 

Mf(t,x)= sup / \f(s,y)\dyds, 
(t,x)ec,cec J c 

f*(t,x)= sup / + \f(s,y) - f(r, z)\ dydzds dr. 
(t,x)ec,cec J c J c 

For p £ (1, oo), by the Fefferman-Stein theorem on sharp functions and the Hardy- 
Littlewood maximal function theorem, we have 

II/IImrxe*) < N(d,p)\\f#\\ Lp{RxEk) , (4.21) 

I|X/IIl p(R x-) < A r (d,p)ll/ll^(RxHM- (4-22) 
Notice that, in the proposition below, the functions / and g have compact sup- 
ports in R x E k . 

Proposition 4.9. Let C £ L2, A > 0, p £ (2, 00), fc £ [l,d] 6e an integer, f — 
(/l, . . . , /d), g G C 3O (Rx TTien i/iere exists a unique solution u £ H^Rx S fe ) to 
t/ie equation ()4.18j) roitt t/ie conormal derivative boundary condition a^Diu = f\ 
on R x r M and i/ie Dirichlet boundary condition u — on R x T i = 2, . . . , /c. 
Moreover, we have 

PHlMRxH*) < ^II/IImrxh*) + ^A-^ILglU^R^,), (4.23) 
where N = N(d,S,p). 



Proof. The first part of the proposition is due to Theorem 14. II For the second part, 
we note that div/ + g £ C* °°(R x E k ) and a^Dm = /i = 0onIx r M . Thus, 
by Lemma 14.21 (in this case we use the domain R x S fc and ip = 1 in the proof of 
Lemma l4~2|) w :— D\u is in x S fe ) and satisfies 

— io + Cw — Xw — Di (div f + g) 
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in K x 2 with the Dirichlct boundary condition w = on R x dZ k . Then the De 
Giorgi-Nash-Moser estimate implies that D\u E £oo(R x 5 fe ). In particular, we 
have D\u E L p (R x E k ) by Holder's inequality. 

Now we are ready to derive ()4.23|) . For each (ti,Xi) E Ix E k and C E C such 
that (ti,xi) E C, we find the smallest r > and (to,xo) E M. x E k satisfying 
C C Q r (t ,xo) and (|4.19[) . Then Lemma I4TT1 together with (|4.19[) implies that 



I := + j~ \D\u(t,x) — D\u{s,y)\ dx dt dy ds 
J c J c 



c J c 

<NK~ a (-f \D lU \ 2 dxdt] +Nni +1 (l \h\ 2 dxdt] 

\jQ* r (to,x ) J \J Q% r (to,x ) J 

Here and below, h := |/| + A~ 1/2 |g|. Since (t 1: xi) € Q k Kr (t ,x ), due to (|4.20[) and 
the definition of maximal functions, from the above inequality we have 

/ < N k, a (M|£>iu| 2 (ti,a:i)) 1/2 + N^ +1 (M\h\ 2 (ti,xi)) 1/a . 

This along with the fact that C is an arbitrary parabolic cube containing (ti,x\) 
proves that 

(£>iu) # (ti,a;i) < Nk-° (^t|£>i«| 2 (ti, x^f' 2 + Nk% +1 (M\h\ 2 {t l ,xi)) 1 '' 2 . 

Since D\u E L p (Ix S fe ), we can apply (|4.21|) and (|4.22j) to the above inequality 
and get 

\\Diu\\ Lp{Rx3k) < Nn^WDiuW^xsk) + 7VK5+ 1 ||£» 1 /,,|| ip(R><Hfc) . 

Then by choosing n > 32 sufficiently large so that Nn~ a < 1/2, we obtain (|4.23p . 
The proposition is proved. □ 

Note that if a given equation is as in (|4.18p . the estimate (|4.23[) is not enough 
to get complete L p -estimates as in (|4.25[) for p E (1,2) using the duality argument. 
Nevertheless, one can still get (|4.25[) if the right-hand side of equation is in a par- 
ticular form as in (|4.24l) . Indeed, by using the duality argument, from Proposition 
we deduce the following corollary. 



Corollary 4.10. Let C E hi, A > 0, p E (1,2), k E [l,d] be an integer, f E 
C£°(R x?), and u E Hl(R x Z k ) n C ; ~ (M xP). If u satisfies 

-u t +Cu- Xu = Dif (4.24) 

with the conormal derivative boundary condition a 1 ^ DjU = f on K x r fc ' x and 
the Dirichlet boundary condition u = on R x T k ' 1 , i — 2, . . . , k, then we have 
u E Hl{R x E k ) and 

VA|M|l p (Rx~«) + \\Du\\ Lp(Mx3k) < iV||/|| Lj)(RxHk) , (4.25) 
where N = N(d, S, p) . 



Using Lemma 14.81 and a scaling argument, we prove the following proposition, 
where C is not necessarily in Li or L2. 

Proposition 4.11. Let A > 0, k E [l,d] be an integer, f = {fi, ■ ■ ■ , fd), 9 G 
C^°(R x S 1 ), and u E Hp(M. x E k ) n Cj~(K x S 1 ). Suppose that either a* = 
0, j = 1,2, ... ,1 and p E [2, 00) or a ld = Q,i = 1,2, ... ,1 and p E (1, 2], where 
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I = mm{k,d — 1}. If u satisfies (|4.18p in R x «ra£/i £/ie Dirichlet boundary 
condition u = onRx <9S fc , iften we ftawe 

V^HuHi^xa*) + \\Du\\ Lp{RxSk) < N\\f\\ Lp{Mx3k) + NX-^ 2 \\g\\ Lp{Rx3k) , (4.26) 

where N = N(d,S,p). 

Proof. The case when p = 2 follows from Theorem 14.11 In the sequel, we assume 
that p =/= 2. By the duality argument, we may further assume that p € (2,oo). 
Then by following the proof of (|4.23[) . from Lemma T4.8l we obtain 

II Au||£„(rxb») < N\\f\\ Lp{MxSk) + NX-^WgU^suy (4.27) 

i=l 

Now we prove that (I4.27[) implies (|4.26[) . To do this, we use L p -estimates for 
equations defined in R x R d and an idea of scaling in [8] . For an e > to be chosen 
later, introduce 

v(t,x) =u[t, — , — , . . . , ,x d ■= u{t,x e,x d ), 

V e e e / 

where we denote x' = (x\, X2, ■ ■ ■ , xa-i)- From (|4. 18[) we see that v satisfies 
-v t + A d _iu + D d {a dd D d v) - Xv = div / + g 

in R x S fe with the Dirichlet boundary condition v = on R x 9S fe . Here 

d-l 

fi(t, x) = efi(t, x'/e,Xd) + D t v - e 2 a lj Djv - ea ld D d v, i = 1, . . .,d— 1, 

i=i 

d-l 

fd(t,x) = fd(t,x'/e,x d ) - sy^a dj DjV, 

3=1 

ff (*, ac) = g(t,x'/e,x d ). 

Since has the Dirichlet boundary condition v = on R x <9S fe , using a similar 
extension process presented in the proof of Theorem l3.11 we obtain »eWj(lx R d ) 
and f,g€ L p (M. x R d ) such that v, f, and g are the extensions of v, f, and § to 
the domain R x R d and satisfy 

-v t + A d _it) + D d (a dd D d v) -Xv = div / + g, 

in R x R d , where the L p norms of v, Dv, /, and g in R x R d are comparable to those 
of v, Dv, /, and g in R x 2 fe , respectively. In fact, to extend the equation in R x S fc 
to the one defined in R x S fc_1 , we take the odd extensions of v, fi, and g with 
respect to Xk except for which we take the even extension with respect to Xk- 
Notice that the coefficient a dd is a measurable function of only time or x d . Thus 
by the L p -estimates proved in [51 Theorem 5.1 (iii)0 together with the definitions 
of / and g, and the comparability of the L p norms of v, Dv, f, and g with those of 



2 Indeed, this theorem is applicable whenever a lJ are measurable functions of time and one 
spatial variable, say x^, except a kk which is a measurable function of either time or x^. 
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v, /, and g, we obtain 

V^IMIl p (rxe*) + \\Dv\\ Lp{Rx3k) < \/A|jt;|| Lp ( R><R d) + ||£>w||L p ( RX K<i) 

< N\\f\\ Lp(Mxmd) +N\- 1 / 2 \\g\\ Lp(MxMd) < N\\f\\ Lp(Mx3k) +N\- 1 / 2 \\g\\ Lp{MxEk) 

< N(d, 6,p,e)\\f\\ Lp{Mx3k) +N(d, S,p,e)\-V 2 \\g\\ Lp(Mx3k) 
d-l 

+ N{d, 6,p, e) ^2 II D i v IIl p (Rxs<=) + N (d, S,p)e\\D d v\\ Lp(Rx3k} . 

i=l 

From these inequalities with an appropriate choice of e so that N(d,5,p)e < 1/2, 
we get 

^\\v\\l p (RxS") + H-Dt-'lU^RxE*) < N\\f\\ Lp ( RxEk) + NX^ 1/2 \\g\\ Lp(RxSk) 

d-l 

+ JV5^||Av|U„(R X B*)- 
i=l 

We now scale back to u and use (|4.27[) to get (I4.26[) . The proposition is proved. □ 

5. Proofs of Theorems 12. II and 12.31 
We complete the proofs of Theorems 12.11 and 12.31 in this section. 

Proof of Theorem \2.1\ We prove the theorem only when T — oo. The case T < oo 
is deduced from this case and the standard argument (see, for example, the proof 
of Theorem 2.1 in [21]). 

We first prove the a priori estimate (|2.4[) for A > 0. For the case A = 0, we just 
take the limit as A \ 0. Without loss of generality, we assume that u £ ^(RxS*), 
/ G Cq°(M. x E k ), and a lJ are infinitely differentiable. Thanks to Remark |2~2| we 
may also assume that k < d — 1 . We rewrite the equation (|2.3|) as 

fe d k 

-u t + J2 D ^ u + a ii D ij u-Xu = f + ^D\u- ^ a l W ijU := F. 

i—l i.j—k+1 i—l i or j<k 

Since u has the Dirichlet boundary condition u = on M. x <9S fe , as in the proof of 
TheoremOwe find u G W^ 2 (R x R d ) and F G L p (R x R d ) such that u and F are 
the extensions of u and F to the domain Rxl satisfying 

fe d 

-u t + '^2D 2 u+ ^ a^DijU- \u = F, 

i—l i,j—k+l 

in K x R d and 

ll"llw p 1 ' 2 (RxB'') - ll U llw£' 2 (RxS*)i \\F\\L p (RxR d ) - II ^11 L p (RxE fe ) ■ (5-1) 

Now we observe that, for i,j = k + 1, . . . , d, 7^ (d,d), the coefficients a %% are 
measurable functions of time and one spatial variable, and the coefficient a dd is 
a function of only time or one spatial variable. Then from the L p -estimates for 
equations in the whole space established in [5J Theorem 2.2 (iii) and Theorem 2.3 
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(iii)] together with the definition of F, we obtain 

•^ll'"||L p (RxR ti ) + ^ 1 ^ 2 \\Du\\L p (RxR d ) + H^ )2 "llL p (RxR ti ) + II «t II L p (RxR d ) 

<N{d,5)\\F\\ LARxRd) <N II A*u|U„(rx3») + A r ||/IU p (RxE<.), (5.2) 

i or j<k 

which, together with (|5.1I) , implies that 

A ll u llL p (RxH fe ) + X1/2 \\ Du \\l p (Rx~X) + I|- C,2 '"IIl p (RxE'=) + \\ u t\\ L p (RxS") 

< N \\f\\L p (Rx~*) + N E ||AiW|| ip ( KxH *)- 
i or j<k 

Thus, by symmetry, the estimate (|2.4j) follows once we have 

\\DD 1 u\\ Lp{RxBjk) < N{d,5,p)\\f\\ Lp(SLxS ky (5.3) 

To prove this estimate we consider two cases as below. 

(i) The case a dd = a dd (x d ): Denote y' = (yi, . . . , y d -\) and let 

f Xd 1 

y d := <j)(x d ) = / ris, yi := x h i = I, . . . ,d - 1. 



o a dd (s) 



We set 



u(t,y)=u(t,y',<t>- 1 (y cl )), f(t 1 y) = f(t,y' 1 <j ) - 1 { yd )) 1 
a lj (t,y d ) = (aV + a^rHvd)), ^ = 0, ./ 2 <Z 1. 

a jd (t,y rf ) = a J;/ fo^fa)), 5* = 0, i = l,...,d-l, 

a dd M = l/a^OT 1 ^)), 
and a l i{t,yd) = a lJ (t,(/)~ 1 (yd)) for the other (i, j). Then the operator £ defined by 

£u = A {a ij Dju) 

belongs to Lj and is uniformly non-degenerate with an ellipticity constant depend- 
ing only on S. A simple calculation shows that u satisfies 

—u t + Cu — Am = / 

with the Dirichlet boundary condition u = on R x dE k . By Lemma [4~3l w := D\u 
satisfies 

—Wt + Cw — Xw = Dif 
in R x S fc with the conormal derivative boundary condition a 1 ^ Djw — f on R x r fei1 
and the Dirichlet boundary condition w = on R x r fe '\ i = 2, . . . , k. Then by 
Corollary 14.101 applied to w we arrive at 

ll-DAull^RxE*) = \\Dw\\l p (m.xb*) < Ar ll/llL p (RxE:'=), 

which implies the inequality (|5.3|) . 

fnj The case a dd = a dd (t): This case is actually simpler. We set 

a lj (t,x d ) = (a lj +a jl )(t,x d ), a jl = 0, j = 2,...,d-l, 

a jd (t,x d ) = (a d:i + a^ d )(t,x d ), a dj = 0, j = 1, . . . ,d - 1, 
and a % ^(t,x d ) — a l i(t,x d ) for the other (?, j). Then the operator £ defined by 

Cu = Di (a lJ D 3 u) 
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belongs to Li and is uniformly non-degenerate with an ellipticity constant depend- 
ing only on 5. Moreover, u satisfies 

— ut + Cu — Xu = f 

with the Dirichlet boundary condition u = on R x dE k . As in the first case, by 
applying Lemma [4731 and Corollarv l4.f 01 we get (|5.3[) . Therefore, we have proved the 
a priori estimate (|2.4|) . The solvability assertion follows from the a priori estimate 
and the method of continuity. The theorem is proved. □ 

Proof of Theorem \2.cft Again we prove the case T — oo only. As in the proof of 
Theorem O we assume that u G Qj°(R X / G C,f (R x S 1 ), and a ij are 

infinitely differentiable. Proceeding as in the proof of Theorem 12.11 by the results 
in [6] we obtain f|5 . 2[) with k = 1, where u and F are now the even extensions of u 
and F with respect to x±, respectively. Then, as before, it suffices to prove (|5.3[) . 
Using the change of variables in the proof of Theorem l2.1l for the case a dd — a dd (xd), 
we see that w = Diu satisfies 

—Wt + Cut — Xw = Dif 

with the Dirichlet boundary condition w = on R x dR 1 ^. In the case a dd = a dd (t) 
we obtain the above equation with w = D\u and / in place of /. Then to prove 
(]5.3[) , we argue as in the proof of Theorem 12.11 using Proposition 14.111 for k = 1 . 
The theorem is proved. □ 

6. Equations with partially VMO coefficients 

In this section, we consider second-order parabolic equations 

—u t + Lu — Xu := — u t + a 10 DijU + V DiU + cu — Xu = f 

in Rt x R^ with leading coefficients a 1 ^ which also depend on x' = {x\, . . . , Xd-i)- 
As functions of (t, x), the coefficients a lJ are supposed to be measurable with respect 
to Xd, and have small local mean oscillations in the other variables. To be more 
precise, we impose the following assumption which contains a parameter 7 > to 
be specified later. 

Assumption 6.1. The coefficients a lJ , 6\ and c satisfy the following conditions. 

(i) a ij satisfy (j2~l) . 

(ii) There is a constant R € (0, 1] such that the following holds. For any 
parabolic cylinder Q of radius r £ (0,i?o)> there exist a 13 — a l3 {x,i), which depend 
on the cylinder Q and satisfy (|2.1j) . such that 




(iii) b % and c are measurable functions bounded by a constant K > 0. 

We state the main results of this section. 

Theorem 6.2 (The Dirichlet problem). Let p G (1,2], T G (-00,00], and f G 
L p (M.t x Then there exist constants 7 G (0,1) and N > depending only 

on d, 8, and p such that under Assumption \6.1\ the following hold true. For any 
u G W£' 2 (R T x R^) satisfying u = on R T x dRf and 

— ut + Lu — Xu = f (6-1) 
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in M.t x R+, we have 

M\ u \\l p (R t xR*) + ^ 11-^11 £ p (K T xK£) + II £>2u IIl !) (R t xR^) + \\ u t II L P (R T xl^) 

< N\\f\\ Lp (M T xm« + ), (6-2) 

provided that X > Xq, where Xq > is a constant depending only on d, 5, p, K , and 
Rq. Moreover, for any X > Xq, there exists a unique u € W£' 2 (R T x R^_) solving 
()6.1[) with the Dirichlet boundary condition u = on Ry x cM^ . 

Theorem 6.3 (The Neumann problem). Let p G (2, oo), T g (— oo, oo], and f g 
L p (Rt x Mr:). Then there exist constants 7 G (0,1) and N > depending only 
on d, 5, and p such that under A s sumption 1 6. l\ the following hold true. For any 
u G Wp' 2 (R T x M|) satisfying (EH]) and L>iu = on 1 T x dR^, we We flOJ 
provided that X > Xo, where Xo > is a constant depending only on d, 5, p, K , and 
Rq. Moreover, for any X > Xo, there exists a unique u € W£< 2 (R T x R^_) solving 
(|6.1[) with the Neumann boundary condition D\u — on Ry x dR+. 

6.1. Estimates of u t and DD x >>u. Let us first fix some additional notation used 
for the remaining part of this paper. We write 

B+(xo) ■= B r (x ) nlf, Q+(t ,zo) :={t Q -r 2 ,t )x B+(x ), 

T r (x ) := Brix^ndR^. 

As before, we write £?+ and if xo = and (to,xo) = 0, respectively. Recall 
x' = (xi, . . . , Xd-i) if d > 2 and denote x" = (X2, . . . , ccd_i) if d > 3. 

Throughout this and the next subsection, we assume that b 1 = c = 0. We first 
present several estimates for w t and D 2 ,,u. For convenience, we set D 2 ,,u = if 
e? = 2 (here d is at least 2). The next lemma is a consequence of the Krylov-Safonov 
estimate. 

Lemma 6.4. Let A > 0, q G (l,oo), and r > 0. Assume that a 1 -? = a y (xd), 
it G C°°((5^) satisfies —u% + Lu — Xu = m and either u or D\u vanishes on 
(— r 2 ,0) x r r . ITien i/iere exist constants N — N(d,S,q) and a — a(d,5) G (0,1] 
such that 

Nc-(Q+ /2 ) + i D l>Mc«(Q^) + A Mo(Q+ /2 ) 

<Nr~ a ^-f ^\u t \ q + \Dl„u\ q + X q \u\ g dxdtj . (6.3) 

Proof. For A = 0, (|6.3p directly follows from the parabolic Krylov-Safonov estimate 
since u t and D 2 „u satisfy the same equation. The general case A > then follows 
from Agmon's idea presented in the proof of Lemma 14.41 □ 

Denote U := \u t \ + \Dl„u\ + X\u\. From Theorems I2TTI [231 Lemma IOI and the 
corresponding interior estimates, we deduce the following mean oscillation estimate 
of U. The proof is similar to that of Lemma 14.71 with obvious modifications, and 
thus omitted. 

Lemma 6.5. Let X > 0, q G (1,2], r > 0, n > 32, (t ,x Q ) G R x R^_, and f G 
L q (Q+ r (ta,xo)). Suppose that a 1 ^ — a l ^{xd), and u G Wh (Q+ r (to,xo)) satisfies 

—u t + Lu — Xu = f 
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in Q^ r (to, xq) with the Dirichlet boundary condition u — on (to — (Kr) 2 ,to) x 
r K ,.(a;o). Then 

I I \U(t,x)-U(s,y)\ q dxdtdyds 

J Qt(to,x ) J Qt(to,x ) 

<Nn d+2 I \f\ q dxdt + Nn- qa I \U\ q dxdt 7 

J QiAto,x a ) J Qtr(t .x ) 

where a = a(d,S) G (0,1) and N = N(d,5,q) > 0. The same estimate holds for 
q G [2,oo) if D\u vanishes on (to — (nr) 2 ,to) x F Kr (xo) instead of u. 



Lemma 16.51 together with a perturbation argument gives the next result for 
general operators L satisfying Assumption 16.11 

Lemma 6.6. Let A > , <? G (1,2], [3 G (l,oo), 0' = P/(f3- 1), (fi,xi) eRx M^, 

and f G L q j oc (R x R+). Suppose u G W q r loc (R x R+) vanishes outside Q^ o (ti,xi) 
and satisfies 

—Ut + Lu — Xu = f 



MIX 



1^ with the Dirichlet boundary condition u = onlx cM^ . Then under 
Assumvtion \6. 11 for any r > 0, n > 32, and (to,xo) G M x R^ 7 we /iawe 

/ \U(t,x) - U(s,y)\ q dxdtdyds 

(t ,x ) J Qt{to,x ) 

Nn d+2 I \f\ q dxdt + N K - qa I \U\ q dxdt 

J QtAta,x Q ) J Qt T (to,x a ) 

|L> 2 u|^dx^y 7 ^, (6.4) 



where a is the constant from Lemma 16.51 and the constant N depends only on d, 
S, f3, and q. The same estimate holds for q G [2,oo) if D\u vanishes on R x 
instead of u. 

Proof. We choose Q = Q Kr (to,xo) if Kr < Ro and Q — Q_r (£i, xi) if nr > i?o- For 
this Q, let a u = ^(xd) be the coefficients given by Assumption 16.11 and L be the 
operator with the coefficients a IJ . Then we have 

—u t + Lu — Xu = f 

in R x R^, where / = / + (a lJ — a % i)DijU. It follows from Lemma I6T51 that the 
left-hand side of (|6.4j) is less than 

Nn d+2 I \f + (a 11 - a ll )D ijU \ q dxdt + Nn- qa -f \U\ q dxdt. 

By Holder's inequality, 

\(a ij ~a ij )D. i:j u\ q dxdt = I \l Q (a lJ - a ij )D ijU \ q dx dt 

Qt r (t ,x ) J Qtr{to,X ) 

<(/ \D 2 uf q dxdtY ( / \l Q (a ij -a t3 )f q dxdt) W 



< 2f> 



H/ \D 2 uf q dxdt) P ( I \(a ij -a ij )f q dxdt) 

K JQ+ r (t 0: xo) J K Jq 
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<N[f \D 2 uf q dxdtY^, 

where the last inequality is due to Assumption 16.11 Thus collecting the above 
inequalities we get (|6.4|) immediately. The lemma is proved. □ 

Corollary 6.7. Let A > 0, p £ (l,oo), (t u xi) e R x R~J, and f £ L p (R x R 1 *). 
Suppose u £ Wp' 2 (WL x R^J.) vanishes outside (ti,xi) and satisfies 

—Ut + Lu — Xu = f 

in R x R^ with the Dirichlet boundary condition u — on R x cM^. Then there 
exists a constant ct\ = a±(p) > such that under Assumption \6.l\ the following 
holds. For any 7 G (0, 1), we have 

II u *IIl p (RxR|) + II-DAe"u|Il p (RxR^) + ^IMlLp(RxR^) 

< N^WDMl^m^) + ^ill/IL p (RxR*), (6-5) 

where N = N(d,5,p) > and N\ = Ni(d,6,p,~/) > 0. The same estimate holds for 
p £ (2, 00) if D\u vanishes on R x SR+ instead of u. 

Proof. We take q £ (1, 2] and (3 £ (1, 00) such that p > (3q. Due to P~2"U1) . 
and Lemma 16.61 we obtain a pointwise estimate 

(C/) # (io, so) < Nk*P (M(\f\«(t , x ))) « + N k a (MflC^Xto, a*)) « 

+ iVK^ 7 ^(X(|Z3 2 u |' 3 «)(i ,a; ))^ (6.6) 

for any (to, xo) £ R x R+. As in the proof of Proposition ^. 91 we deduce from (I6.6|) 
that 

II^HmrxR^) < ^^ll/lli p (RxR^)+^ _a |l^llz, s (KxR^)+^«^7^IP 2 w|| i{ ,(R xK d). 
By taking k sufficiently large such that Nn~ a < 1/2, we get 

II^IImrxr-) <^II/IIl p (Rxr-)+^7^II-D 2 «IIl p (rxr^)- (6-7) 

By the definition of U, to prove (|6.5I) it remains to estimate H-D^ix"^^^*]^ ) and 
\\D Xd x"u\\ Lp ^ RxR ^y To this end, we observe that for any e > and each t £ M 

HAciz'HLptR^) + II-D^'HIl^r^) 

< e(\\D 2 Xi u\\ Lp(Md+) + \\D 2 Xd u\\ Lp( ^ d+) ) + N(d,p)e- 1 \\D 2 x „u\\ Lp{K) , (6.8) 

which is deduced from 

HA^'ullMR*) + \\ D x d x"u\\ Lp{Md+) < N \\Au\\ Lp{Rd+) 

< N\\D 2 Xl u\\ Lp{Rd+} + N\\D 2 Xd u\\ Lp(Rd+) + N\\D 2 x „u\\ Lp(Rd+) 

by scaling in x" = (X2, . . . , Srf-i). Combining (|6.7[) and ()6.8|) . we reach (|6.5|) upon 
choosing e = j 2 f>'<i . The last assertion follows from the last assertion of Lemma l6~7Jl 
by using the same proof. □ 
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6.2. Estimates for divergence form operators. Let 

Cu = l),:n' J I),,n. 

where a y satisfy Assumption 16. II 

Following the proof of Lemma 16.61 we derive the following lemma from Lemmas 
S3 and |H with k = 1. 

Lemma 6.8. Let C G L 2 , A > 0, f3 G (l,oo) and /?' = /?/(/?— 1) 6e constants, 
(ii.xi) G M x Rf, and / = (fi, ■ ■ ■ , fd),9 G C;Tc( M x ^+)- Suppose that u G 
C ; ^ C (R x R^) vanishes outside Q^ o (ti, xi) and satisfies 

—Ut + Cu — Xu = div / + g 
locally in R x R^ wzt/i i/ie conormal derivative boundary condition a D\U = f on 
Rx<9R+. T/ien under Assumption\6A\ for any r > 0, k > 32, and(to,xo) G Kxl|, 

+■ +■ |£>iii(t, x) — Di<u(s, y)\ 2 dx dt dy ds 

J Q+(t ,x ) J Q+(t ,x ) 

<Nn d+2 f \h\ 2 dxdt + Nn~ 2a f \D lU \ 2 dxdt 

+ NK d+2 (-f \Du\ 2p dxdtY /P ^', (6.9) 

where h = |/| + X~ 1/2 \g\, a = a(d,S) G (0,1), and N = N(d,S) > 0. The same 
estimates holds for C G Li if the conormal derivative boundary condition is replaced 
with the Dirichlet boundary condition u — on R x dW_\_ . 

Next we derive an a priori estimate for solutions to divergence form equations. 

Proposition 6.9. Suppose either C G Li and p G (1, 2] or C G L2 and p G [2, 00). 
Let f = (fx, . . . , /«*), g G L P (R x R^) n C% C (R x Sf). T/ien there exist constants 
7 G (0, 1) and N > depending only on d, 6 and p, and Ao > depending only on 
these parameters as well as Rq, such that under Assumvtion \6. 1\ the following holds 
true. For any A > A and u G 7^(M x M. d + ) n C^ C (R x I£) satisfying 

—Ut + Cu — Xu = div / + g 

znRxR^j. with the conormal derivative boundary condition a 1 - 7 Dju = f\ onM.xdM.i_, 
we have 

^ 1/2 |ML p (RxR^) + II^ILpfRxR^) ^ N|I/IIl p (rxr£) +iVA _1/2 ||5|| ip(RxR d ) . (6.10) 

Proof. The case p = 2 follows from Theorem 14. II By the duality argument, we may 
assume that p G (2, 00) and C G L2. First we consider the case when tt vanishes 
outside Qft (ti,xi) for some (ti,ati) G R x R^- Following the proof of Proposition 
14.91 from (|6.9I) we obtain 

IPiwILpOiixM^) < W«^IWk p (]RxK3.) 

+ iVK- a ||L>iu|| ip(R><R d } + Nn^-yW \\Du\\ Lp[Mi+) , 

which implies 

1 

\\ D lu\\ Lp (RxR* + ) < ^IHIl p (RxR^) + N l 213 ' \\ D u\\ Lp (RxR d + ), (6-11) 
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upon choosing k sufficiently large such that Nk a < 1/2. Now since C E L2, we 
can rewrite the equation into 

— Ut + Cu — Xu = div / + g, (6-12) 

where 

d 

Cu = D 1 (a 11 D 1 u) + Di^Dju), 

fx = fx, fi = ft - a ll Dxu, i = 2, . . . , d. 

We take the even extensions of u, a 11 , a l ^,i,j > 2, fi,i > 2, and g with respect 
to xx, and the odd extension of fx with respect to Xx- It is easily seen that after 
these extensions, u E Hp(R x R d ) satisfies (16. 12)) in K x R d , and the coefficients of 
C satisfies Assumption 16.11 with 27 in place of 7. Thanks to the L p -estimates for 
divergence type equations in the whole space with partially BMO coefficients (see 
Theorem 6.3 in [9]), we get 

^ 1/2 |MlL p (RxR d ) + H-D u IIl p (RxR< 1 ) < A r ||/llL p (RxR d ) + A^^IIsIIl^RxR" 1 ) 

< J V ll/IL„(RxR^) + N \\ D lu\\ Lp (RxR* + ) + NX ~ 1/2 \\9\\L p (RxR d + ) (6-13) 

provided that 7 < 70 (d, S,p). Combining (|6. 1 1|) and (16.13[) and choosing 7 even 
smaller, we obtain (|6.10[) for any A > and u vanishing outside Q\ {tx, xx). To 

complete the proof of (j6~T0) for general «€Wj(lxl{)n C^ C (R x R|), we use 
the standard partition of unity argument. See, for instance, the proof of Theorem 
5.7 in |21) . The proposition is proved. □ 

Remark 6.10. Theorem 6.3 in [5] requires that the function u vanishes outside 
Q 7 H (tx,xx) instead of Qn (ti, xx). Nevertheless, the theorem still holds with Qr 
by modifying the second part (the case nr > Rq) of the proof of Theorem 6.1 in 
the same paper. Indeed, in the proof of the case nr > Rq, we find Tq E O and 
{o-a/3}\ a \=\i3\=m G A. for Q = Qr , and proceed as in the proof of Lemma 16.61 in this 
paper. 

Similarly, we deduce the following proposition from the second assertion of 
Lemma 16.81 

Proposition 6.11. Suppose either £ £ L2 and p E (1, 2] or C E Li andp E [2, 00). 
Let f = (fx, ...,f d ),g E L p (R x M^) n C^ C (R x l<f ). Then there exist constants 
7 E (0, 1) and N > depending only on d, S and p, and Xq > depending only on 
these parameters as well as Rq, such that under Assunwtion \6.1\ the following holds 
true. For any A > A and u E U\(fR x R\) n C% C (R x R^) satisfying 

—ut + Cu — Xu = div / + g 

in M. x R^ with the Dirichlet boundary condition u — on R x <9R^, we have 

^ 1/2 |ML p (RxR^) + \\ Du \\L p (MxM d ) < -W||/IIl p (RxR£) + NX~ 1/2 \\g\\ Lp(RxR d ) . 
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6.3. Proofs of Theorems EH] and 1(01 

Proof of Theorem \6.2[ As in the proof of Theorem 12. 1[ it suffices us to prove the a 
priori estimate jOJ when T — oo assuming that u € C °°(lx?), / e Co°(RxEF), 
and a IJ are infinitely differentiable. At the moment, we also assume that b l = c = 
and u vanishes outside B~^ q {t\ , Xi) for some (ii , x\ ) € Rx . Then from Corollary 
16.71 we obtain 

I! u *IIl p (RxR|) + II^-Dk"U||l p (RxR^) + ^IMIl p (RxR^.) 

< iV7 Q1 |l^ 2 «IL P (RxR^) + JVi||/|| MRxn) , (6.14) 

where A = N(d,5,p) and AT X = Nx(d,S,p,j). 

To apply the estimates for divergence equations obtained in the previous sub- 
section, we divide both sides of the equation (|6.ip by a 11 , then add — Ut, A x >>u = 
D X2 x 2 u + • • • + D Xd lXd l u, and —Xu. We then get 

a ld + a dl a dd 

-u t + A x/ u H T D dl u + —r-rDddU - Xu 

a LL a LL 

d 

= (1/a 11 - l)u t + A(l/a n - l)u + f/a 11 + A x ,,u - ^ a ij D ijU , (6.15) 

i,j=l 

where a*- 7 = a u /a 11 for all i,j = 1, . . . , d, except the following terms: 

a 11 = a ld = a dl = a dd = 0. 
Set h dl = (a ld + a dl )/a n , a dd = a dd /a 11 , and 



/ = (1/a 11 - l)u t + A(l/a u - l)u + f/a 11 + A x „u - ^ a tj D ljU . 

Then the equation (|6. 15[) turns into 

- u t + A x ,u + a dl D dl u + a dd D dd u - Xu = f (6.16) 
in R x Ml. Denote w = D d u and 

Cw = A x ,w + D d (h dl D lW ) + D d {a dd D d w). 

By differentiating the equation (|6. 16|) in x d , we see that w satisfies the following 
divergence type equation 

- w t + Cw - Xw = D d f (6.17) 

with the Dirichlet boundary condition w = on K x <9R+. Notice that C £ L 2 and 
the coefficients of C satisfy Assumption 16.11 with N(5)~f in places of 7. Then by 
Proposition ^ . 1 1 1 there exist 71 £ (0, 1) and N, depending only on d, S,p, and A > 
depending only on these parameters as well as Rq, such that under Assumption 16. II 
with any 7 € (0, 71] and the condition A > Ao, we have 

I|£>AHIl p (RxR^) = I|£>HIl p (rxr^) < N\\f\\ Lp(J&x ^y (6.18) 

On the other hand, by the definition of / and (|6 . 14[) . 

II/IL p (RxR^) < N \\ u t\\L p (WxM d + ) + N \\ DD x"U\\l p (RxM^) 
+ N MW\\ Lp (RxM d ,) + N \\f\\L p (RxR d + ), 
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where N = N(d,S). This combined with (|6~T4|) and (|6J8]l gives 

II u *IIl p (RxR^) + II AjU|| Lp ( RxR d ) + A||u|| Ljj ( RxR d j 

< ^^HD^H^^xRd) +iVi||/|| Lp(RxR d ) . 

The missing term D\u from the left-hand side of the above inequality can be esti- 
mated by the above estimate and the equation itself. Therefore, we obtain 

ll u f IIl p (RxR^) + II-D 2u IIl p (RxR^) + ^IMIl p (RxR^) 
< i\T7 ai ||^ >2 «ll£ p (RxK-)+ JV 'l|l/IL 1 ,(HxR*)- 

Now we choose 7 small enough so that 7 < 71 and iV7 Ql < 1/2. Then using the 
interpolation argument to obtain A 1 / 2 ||Z3u|| ip ( RxR d ), we finally obtain (|6.2|) 

Next, using the partition of unity argument, moving the b l DiU and cu terms to 
the right-hand side of the equation, taking Ao even larger, and using interpolation 
inequalities, we remove the restrictions that b l = c = and u vanishes outside 
(ti,Xi) in the previous step. The theorem is proved. □ 

Proof of Theorem 1 6. 3[ The proof repeats the same lines in the proof of Theorem 
16.21 except that the function w := DdU satisfies (]6 . 1 7[) with the conormal derivative 
condition D\w = on M x cM^, and we use Proposition 16 .91 instead of Proposition 
I6.11l and the second assertion of Corollary 16.71 instead of the first one. We omit the 
details. □ 



References 

[I] Y. A. Alkhutov, A. N. Gordeev, L p -solvability of the Dirichlet problem for second order para- 
bolic equations. Problems in mathematical analysis. No. 53. J. Math. Sci. (N. Y.) 172 (2011), 
no. 4, 423-448. 

[2] L. Bers, L. Nirenberg, On linear and non-linear elliptic boundary value problems in the plane, 

Convegno Internazionale sulle Equazioni Lineari alle Derivate Parziali, Trieste, 1954, PP- 

141-167, Edizioni Cremonese, Roma, 1955. 
[3] S. Campanato, Un risultato relativo ad equazioni ellittiche del secondo ordine di tipo non 

variazionale (Italian), Ann. Scuola Norm. Sup. Pisa (3) 21 (1967), 701-707. 
[4] G. Chiti, A W 2 ' 2 bound for a class of elliptic equations in nondivergence form with rough 

coefficients, Invent. Math. 33 (1976), no. 1, 55-60. 
[5] M. Dauge, Elliptic boundary value problems on corner domains: Smoothness and asymptotics 

of solutions, Lecture Notes in Mathematics, 1341. Springer- Verlag, Berlin, 1988. 
[6] H. Dong, Solvability of second-order equations with hierarchically partially BMO coefficients. 

Trans. Amer. Math. Soc. 364 (2012), no. 1, 493-517. 
[7] H. Dong, On elliptic equations in a half space or in convex wedges with irregular coefficients, 

submitted (2011). 

[8] H. Dong, D. Kim, L p solvability of divergence type parabolic and elliptic systems with partially 
BMO coefficients, Calc. Var. Partial Differential Equations 40 (2011), no. 3-4, 357-389. 

[9] H. Dong, D. Kim, Higher order elliptic and parabolic systems with variably partially BMO 
coefficients in regular and irregular domains, J. Fund. Anal. 261 (2011), no. 11, 3279-327. 

[10] D. Gilbarg, N. S. Trudinger, Elliptic partial differential equations of second order, Reprint of 
the 1998 edition, Classics in Mathematics, Springer- Verlag, Berlin, 2001. 

[II] P. Grisvard, Elliptic problems in nonsmooth domains, Monographs and Studies in Mathe- 
matics, 24. Pitman (Advanced Publishing Program), Boston, MA, 1985. 

[12] R. Jensen, Boundary regularity for variational inequalities, Indiana Univ. Math. J. 29 (1980), 
no. 4, 495-504. 

[13] D. Kim, Second order elliptic equations in R d with piecewise continuous coefficients, Potential 
Anal. 26 (2007), no. 2, 189-212. 



30 H. DONG AND D. KIM 

[14] D. Kim, N. V. Krylov, Parabolic equations with measurable coefficients. Potential Anal. 26 
(2007), no. 4, 345-361. 

[15] V. A. Kondrat'ev, Boundary value problems for elliptic equations in domains with conical or 

angular points (Russian), Trudy Moskov. Mat. Obsc. 16 (1967), 209-292. 
[16] V. A. Kondrat'ev, O. A. Oleinik, Boundary value problems for partial differential equations 

in nonsmooth domains (Russian), Uspekhi Mat. Nauk 38 (1983), no. 2(230), 3-76. 
[17] V. A. Kozlov, V. G. Mazya, J. Rossmann, Elliptic boundary value problems in domains 

with point singularities, Mathematical Surveys and Monographs, 52. American Mathematical 

Society, Providence, RI, 1997. x+414 pp. 
[18] V. Kozlov, A. Nazarov, The Dirichlet problem for non-divergence parabolic equations with 

discontinuous in time coefficients in a wedge, preprint (2011). larXiv:1112.303T1 
[19] N. V. Krylov, On equations of minimax type in the theory of elliptic and parabolic equations 

in the plane, Matematicheski Sbornik 81, no. 1 (1970), 3-22 in Russian; English translation in 

Math. USSR Sbornik 10 (1970), 1-20. 
[20] N. V. Krylov, The heat equation in L q ({0, T), L p )-spaces with weights, SIAM J. Math. Anal. 

32 (2001), no. 5, 1117-1141. 
[21] N. V. Krylov, Parabolic and elliptic equations with VMO coefficients. Comm. Partial Differ- 
ential Equations 32 (2007), no. 1-3, 453-475. 
[22] N. V. Krylov, Parabolic equations with VMO coefficients in spaces with mixed norms, J. 

Funct. Anal. 250, no. 2, 521-558 (2007). 
[23] Krylov N. V.: Lectures on elliptic and parabolic equations in Sobolev spaces, Amer. Math. 

Soc., Providence, RI, 2008. 
[24] G. M. Lieberman, Intermediate Schauder theory for second order parabolic equations. IV. 

Time irregularity and regularity, Differential Integral Equations 5 (1992), no. 6, 1219-1236. 
[25] A. Lorenzi, On elliptic equations with piecewise constant coefficients, Applicable Anal. 2 

(1972), no. 1, 79-96. 

[26] A. Lorenzi, On elliptic equations with piecewise constant coefficients II, Ann. Scuola Norm. 

Sup. Pisa (3) 26 (1972), 839-870. 
[27] A. Lorenzi, On elliptic equations with piecewise constant coefficients. Ill, part 1, Matematiche 

(Catania) 30 (1975), no. 2, 241-277 (1976). 
[28] A. Lorenzi, On elliptic equations with piecewise constant coefficients. Ill, part 2, Matematiche 

(Catania) 31 (1976), no. 1, 1-39 (1977) 
[29] V. G. Mazya, J. Rossmann, Weighted L p estimates of solutions to boundary value problems 

for second order elliptic systems in polyhedral domains, ZAMM Z. Angew. Math. Mech. 83 

(2003), no. 7, 435-467. 

[30] V. G. Mazya, J. Rossmann, Elliptic equations in polyhedral domains, Mathematical Surveys 
and Monographs, 162. American Mathematical Society, Providence, RI, 2010. viii+608 pp. 

[31] N. Nadirashvili, Nonuniqueness in the martingale problem and the Dirichlet problem for 
uniformly elliptic operators, Ann. Scuola Norm. Sup. Pisa CI. Sci. (4) 24 (1997), no. 3, 
537-549. 

[32] S. A. Nazarov, B. A. Plamenevsky, Elliptic problems in domains with piecewise smooth bound- 
aries, de Gruyter Expositions in Mathematics, 13. Walter de Gruyter &; Co., Berlin, 1994. 
viii+525 pp. 

[33] A. I. Nazarov, Lp-estimates for a solution to the Dirichlet problem and to the Neumann 
problem for the heat equation in a wedge with edge of arbitrary codimension, Function theory 
and phase transitions, J. Math. Sci. (New York) 106 (2001), no. 3, 2989-3014. 

[34] S. Salsa, Un problema di Cauchy per un operatore parabolico con coefficient! costanti a tratti 
(Italian. English summary), Matematiche (Catania), 31 (1976), no. 1, 126-146 (1977). 

[35] V. A. Solonnikov, Solvability of classical initial-boundary value problems for the heat equation 
in a two-sided corner, (Russian) Boundary value problems of mathematical physics and related 
problems in the theory of functions, 16. Zap. Nauchn. Sem. Leningrad. Otdel. Mat. Inst. 
Steklov. (LOMI) 138 (1984), 146-180. 

[36] V. A. Solonnikov, Lp-estimates for solutions of the heat equation in a dihedral angle, Rend. 
Mat. Appl. (7) 21 (2001), no. 1-4, 1-15. 

[37] N.N. Ural'ceva, The impossibility of W q estimates for multidimensional elliptic equations with 
discontinuous coefficients (Russian), Zap. Naun. Sem. Leningrad. Otdel. Mat. Inst. Steklov. 
(LOMI) 5 (1967), 250-254. 



PARABOLIC EQUATIONS IN SIMPLE CONVEX POLYTOPES 



31 



[38] I. Wood, Maximal L p -rcgularity for the Laplacian on Lipschitz domains, Math. Z. 255 (2007), 
no. 4, 855-875. 

(H. Dong) Division of Applied Mathematics, Brown University, 182 George Street, 
Providence, RI 02912, USA 

E-mail address: Hongjie_Dongabrown.edu 

(D. Kim) Department of Applied Mathematics, Kyung Hee University, 1732 Deogyeong- 

DAERO, GlHEUNG-GU, YONGIN-SI, GYEONGGI-DO 446-701, REPUBLIC OF KOREA 
E-mail address: doyoonkimakhu. ac .kr 



